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Inspirals of rotating stellar-mass compact objects into massive black holes are influenced by the spin-curvature
coupling, which drives the compact body away from geodesic motion due to its rotation. I formulate the
Hamilton-Jacobi equation for a spinning test body orbiting a Kerr black hole, solve it to linear order in spin, and
use the perturbative solution to compute the fundamental frequencies of motion along the orbit. This result pro-
vides one of the necessary ingredients for waveform models for the upcoming space-based gravitational-wave
detector LISA.
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Introduction Gravitational-wave inspirals of stellar-mass com-
pact objects into massive black holes are expected to be one
of the key sources of gravitational radiation for the upcom-
ing space-based detector LISA [1]. These so-called extreme
mass ratio inspirals (EMRIs) are most accurately treated in a
post-geodesic expansion, where the locally almost geodesic
motion of the small compact object receives corrections from
radiation-reaction and finite-size effects [2–5]. The leading
order finite-size effect is the so-called spin-curvature cou-
pling, which can be understood as a consequence of the in-
teraction of the gravitomagnetic dipole of the compact ob-
ject with the field of the massive black hole. A waveform
model for EMRIs that will have an accurate phase throughout
the entire inspiral requires the inclusion of radiation-reaction
forces on the orbit valid up to second order in the mass of the
compact object [6–8], the spin-curvature coupling [9–12], and
“cross-effects” of the radiation-reaction and finite size [5, 13].
While the computation of the radiation-reaction effects is
currently underway [8, 14], the implementation of finite-size
effects in EMRI models has been less intensive. There is
a large body of literature studying, mostly numerically, the
evolution of test bodies with spin in unperturbed black-hole
space-times (see [15, 16] for a review), and some of those have
computed changes to outgoing gravitational waves caused by
the spin perturbation to the motion [17–21]. Another thread
of research focused on the evolution of the small body spin
along an orbit under the radiation-reaction force [22–26], even
though the main application of such computations is not in
EMRI models but in checking and refining the results of other
approaches to the relativistic two-body problem. Finally, the
only works to date that carried out concrete computations of
EMRIs of bodies with spin are Refs. [9–12, 27].
In this letter, I present a semi-analytical scheme of obtain-
ing spin corrections to observables of generic orbits in Kerr
space-time (the field of an isolated rotating black hole in Ein-
stein gravity). In particular, these corrections can be readily
implemented in EMRI models based on the two-timescale or
averaging methods [13, 28]. The core of the scheme is an an-
alytical perturbative solution of the Hamilton-Jacobi equation
for a spinning body based on the Hamiltonian formalism re-
cently obtained in [29]. The solution is separable away from
turning points and the separation constants are the Ru¨diger
constants [30, 31] that arise thanks to the “hidden symmetry”
of Kerr space-time.
The solution of the Hamilton-Jacobi equation reduces the
order of the equations of motion by half, but does not allow
for a full separation of the orbital equations of motion. How-
ever, it still allows to analytically compute the turning points
of the orbits, and to provide closed integral formulas for the
fundamental frequencies of the spin-perturbed motion. The
results also provide important insights for the interaction of
the spin with radiation reaction.
I use the G = c = 1 geometrized units and the (-+++) sig-
nature of the metric. The metric gµν used in this paper is al-
ways the Kerr metric in Boyer-Lindquist coordinates t, ϕ, r, ϑ
[32] with black-hole spin parameter a and mass M . I will of-
ten use y as a placeholder for either r or ϑ. Greek indices la-
bel coordinate components and large Latin indices label tetrad
components; both run from 0 to 3. A comma before an index
signifies an ordinary derivative with respect to the coordinate,
a semi-colon a covariant derivative. Additional details will
appear in a follow-up paper [33].
Hamiltonian and canonical coordinates The state of the spin-
ning body is approximately characterized by the position of its
center of mass xµ, specific momentum Uµ, and specific spin
sµν = −sνµ [34–36]. Higher order mass-multipole moments
are neglected here. Under the Tulczyjew-Dixon [37, 38] frame
condition sµνUµ = 0 the Hamiltonian for the motion of the
spinning body reads [29]
HTD =
1
2
(gµν − γµν)UµUν , (1a)
γµν ≡ 4s
νγRµγκλs
κλ
4 +Rχηωξsχηsωξ
, (1b)
where on shell HTD = −1/2. The canonical coordinates on
the phase space are the pairs xµ,Uµ;φ,A;ψ,B, where Uµ =
Uµ + eCν;µe
ν
Ds
CD/2, eκC is some orthonormal tetrad, and
sCD tetrad components of spin. The coordinates φ,A;ψ,B
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then parametrize the spin tensor, the transformation sCD =
sCD(φ, ψ,A,B) is given in [29]. The important properties
are that s12 = −s21 = A + B + s, where s ≡ √sCDsCD/2
is a constant of motion. Furthermore, s0D = 0 implies B = 0
and that ψ becomes a non-consequential coordinate.
Adapted tetrad The choice of the tetrad “orients” the base of
the canonical coordinates and will be essential in solving the
Hamilton-Jacobi equation. I choose the zeroth tetrad leg to
be a geodesic congruence in Kerr space-time e0µ = ucµ. The
congruence is specified by signs of ucr, u
c
ϑ and constants of
motion Kc, Ec, Lc, where Kc is the Carter constant [39], Ec
the specific energy, andLc specific azimuthal angular momen-
tum. The other three legs are generated with the help of the
so-called Killing-Yano tensor Yµν = −Yνµ, Yµν;κ = −Yµκ;ν
[40, 41]. I define e3µ = Yµνucν/
√
Kc, and e1µ, e2µ are then
obtained by multiplying e3µ by one and two additional pow-
ers of Yµν respectively, and orthogonalizing with respect to
e0µ, e3µ (the orthogonalization turns out to be unique and the
tetrad equivalent to the one constructed by different means
by Marck [42]). Note that the tetrad is defined only within
the turning points of the geodesic congruence ucµ and the spin
connection will be singular there.
When the dust settles, the only component of the spin con-
nection that has a non-zero projection in the zeroth leg reads
[42]
eκ2;µe1κe
µ
0 =√
Kc
r2 + a2 cos2ϑ
(Ec(r2 + a2)− aLc
r2 +Kc
+ a
Lc − aEc sin2ϑ
Kc − a2 cos2ϑ
)
,
(2)
where a is the spin parameter of the black hole. I will choose
the zeroth leg to be close to the vector Uµ, so, up to higher or-
der terms, s0D = 0, and thus also B = 0. The spin tensor then
simplifies as s12 = A + s, s23 = √A(A+ 2s) sinφ, s31 =√A(A+ 2s) cosφ.
Hamilton-Jacobi equation The Hamilton-Jacobi equation for
the function W (t, ϕ, r, ϑ, φ, ψ) is constructed by replacing
any of the canonical momenta in (1) with gradients with re-
spect to their canonically conjugate coordinates. Away from
turning points of the background congruence, or in the “swing
region” the Hamilton-Jacobi equation up to O(s) terms reads
gµνW (1sw),µ W
(1sw)
,ν − eκC;νeDκsCDW (0),ν +O(s2) = −1 ,
(3)
where W (0) is the zeroth-order (geodesic) solution for the ac-
tion given by Carter [39] and W (1sw) the first order action in
the swing region. I now assume that W (0),µ is chosen O(s)
close to ucµ, the perturbing term in (3) then simplifies due to
(2) and φ becomes a cyclical coordinate. Finally, I use a sepa-
rable Ansatz W (1sw) = −Esot+Lsoϕ+(s‖−s)φ+wr(r)+
wϑ(ϑ) to obtain
(w′ϑ)
2 =Kso −
(
Lso
sinϑ
− aEso sinϑ
)2
− a2 cos2ϑ
− 2as‖
√
Kc
Lc − aEc sin2ϑ
Kc − a2 cos2ϑ ,
(4a)
∆(w′r)
2 =−Kso + 1
∆
(
Eso(r
2 + a2)− aLso
)2 − r2
− 2s‖
√
Kc
Ec(r
2 + a2)− aLc
Kc + r2
,
(4b)
where s‖,Kso, Eso, Lso are separation constants of the solu-
tion and integrals of motion of the spin-perturbed orbit. Kso
and s‖ are conserved thanks to the existence of the Killing-
Yano tensor and are equivalent to the constants of motion for
spinning particles found by Ru¨diger [30, 31]. Kso is inter-
preted as specific spin-orbital angular momentum squared and
s‖ as the component of spin aligned with orbital angular mo-
mentum.
However, the Hamilton-Jacobi equation receives other cor-
rections whenever approaching a turning point of the back-
ground congruence yct (y = r, ϑ) because of singular coor-
dinate dependencies of four-velocities at such points. When
y − yct = O(s), we are in the “y-turning region” and all the
relevant terms are
gµνW (1),µ W
(1)
,ν − eκC;νeDκsCDeν0 + 1[
−eκC;yeDκsCD(W (1),y − e0y) +
1
4
(eκC;yeDκs
CD)2
]
gyy
= 0 +O(s2) .
(5)
By assuming that W (1sw) receives corrections that become
large only in their respective y-turning regions, it is possible
to derive the following action that fulfills the Hamilton-Jacobi
equation with at most O(s2) residual terms in swing regions
and O(s3/2) residual terms in turning regions
W (1)(t, ϕ, r, ϑ, φ) =(s‖ − s)φ− Esot+ Lsoϕ
+
∑
y=r,ϑ
∫ (
±
√
w′2y − e0yeκC;yeDκs˜CD
+
1
2
eκC;yeDκs˜
CD
)
dy ,
(6)
where s˜CD = −s˜DC , s˜0D = 0, s˜12 = s‖, s˜23 =√
s2 − s2‖ sinφ, s˜31 =
√
s2 − s2‖ cosφ.
First, note that ψ does not appear in the action because
the condition sµνUµ = 0 makes it redundant at given or-
der. Second, note that this construction works only if we can
choose Kc, Ec, Lc O(s)-close to Kso, Eso, Lso while making
the turning points of the tetrad congruence wider than the turn-
ing points of the spin-perturbed orbit. This will not be possible
when very close to transitions between bound and unbound
(plunging) motion.
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FIG. 1. The turning points of bodies near a Kerr black hole with a = 0.9M and with various choices of the body spin. The fiducial geodesic
is always with K = 2.9M2, E = 0.87, L = 2.0M (or semi-latus rectum p = 3M , eccentricity e = 0.1, and inclination cosϑmin = 0.5,
see [43, 44]). On the left I show the turning points of the fiducial geodesic (dotted black) and the turning points of a spin-perturbed orbit with
completely aligned spin, s‖ = s = 10−3M (full dark red). On the right I show the turning points of an orbit with a completely oscillating
spin s‖ = 0, s = 5 · 10−2M for the values of spin angle φ = 0, pi/2, 3pi/2.
Orbital shape The equations of motion corresponding to (6)
read
dr
dλ
=±∆
√
w′r
2 − e0reκC;reκB s˜CD , (7a)
dϑ
dλ
=±
√
w′ϑ
2 − e0ϑeκC;ϑeκB s˜CD , (7b)
dφ
dλ
=−
√
Kc
(Ec(r2 + a2)− aLc
Kc + r2
+ a
Lc − aEc sin2ϑ
Kc − a2 cos2ϑ
)
,
(7c)
∆ ≡ r2 − 2Mr + a2 , (7d)
where dλ = dτ/(r2 + a2 cos2ϑ) is the Mino time [45], and
terms were discarded so that the r, ϑ orbital shape is known
up to O(s). The equations (7) are not separable because of
the connection terms and the appearance of φ in s˜CD. Fur-
thermore, it can be shown that symmetry of the equations of
motion with respect to reflections about the equatorial plane
appears only in a generalized sense.
However, it is still possible to find turning points analyti-
cally by assuming they are O(s) close to the turning points
ygt of a fiducial geodesic, yt = ygt + δyt. When one chooses
the fiducial geodesic parameters asK = Kso−2as‖sgn(Lso−
aEso), L = Lso, and E = Eso, the turning point shifts read
δrt =
2s‖G + ∆(K + r2)e0reCκ;reκD s˜CD
Υ(r)(K + r2)
∣∣∣
r=rgt
, (8a)
δϑt =
2as‖H+ (K − a2 cos2ϑ)e0ϑeCκ;ϑeκD s˜CD
Υ(ϑ)(K − a2 cos2ϑ)
∣∣∣
ϑ=ϑgt
,
(8b)
G ≡
√
K(E(r2 + a2)− aL)
+ a(K + r2)sgn(L− aE) ,
(8c)
I(r) ≡ d
dr
(
∆−1
[
E(r2 + a2)− aL]2 − r2) , (8d)
H ≡
√
K(L− aE sin2ϑ)
− (K − a2 cos2ϑ)sgn(L− aE) ,
(8e)
I(ϑ) ≡− d
dϑ
[(
L− aE sin2ϑ)2 sin−2ϑ+ a2 cos2ϑ]. (8f)
Sample “turning boxes” are plotted in Fig. 1. The choice
K = Kso − 2as‖sgn(Lso − aEso) ensures that the fiducial
geodesic stays O(s) close to the spin-perturbed motion even
as it gets restricted to the equatorial plane. However, the fidu-
cial geodesics chosen here become O(√s) far from the spin-
perturbed orbits for near-circular motion and for such cases
the above shifts diverge.
Frequencies of motion Consider a transformation to angle-
3
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FIG. 2. The relative corrections to fundamental frequencies given in
units of the aligned component of spin s‖ as a function of semi-latus
rectum p for fiducial geodesics with eccentricity e = 0.1, inclination
z−g = 0.1, and a = 0.9M (see [44] for definitions of the orbital pa-
rameters p, e, z−g). The corrections to the radial frequency becomes
large at small p because the respective orbits are closer to the black
holes and thus less radially stable.
type coordinates χr, χϑ such that
r(χr, χϑ, φ) = r0 + δr , (9a)
cos [ϑ(χr, χϑ, φ)] = cosϑ0 − δϑ
√
1− z−g , (9b)
r0 =
r1g + r2g
2
+
r1g − r2g
2
sinχr , (9c)
δr =
δr1 + δr2
2
+
δr1 − δr2
2
sinχr , (9d)
cosϑ0 =
√
z−g sinχϑ , (9e)
δϑ =
δϑ1 + δϑ2
2
+
δϑ1 − δϑ2
2
sinχϑ , (9f)
δyi(χx, φ) ≡ δyt(ygi, x0(χx), φ) , (9g)
where x, y is either r, ϑ or ϑ, r, and z−g is the minimum value
of cos2ϑ of the fiducial geodesic [44]. Then the equations of
motion acquire the general form
dχy
dλ
= fy(χy) + δfy(χr, χϑ, φ) , (10)
dφ
dλ
= hr(χr) + hϑ(χϑ) , (11)
where δfy are O(s) and the rest of the terms are O(1). Any
state of the trajectory is now given by some χr, χϑ, φ ∈
[0, 2pi)3 and it is easy to apply usual perturbation theory to ob-
tain the fundamental frequencies of the system as (e.g. [46])
Υy = Υyg
(
1 +
〈
δfy
fy
〉
g
)
, (12a)
〈j(χr, χϑ, φ)〉g ≡ ΥrgΥϑg
(2pi)3
∫
[0,2pi)3
j dχrdχϑdφ
frfϑ
, (12b)
where Υyg are the fundamental Mino frequencies of the fidu-
cial geodesic as given by Fujita and Hikida [47]. The funda-
mental Mino frequency of φ is obtained by simply taking the
geodesic average of (11) and it will be expressible in terms
of special functions thanks to its separability. The computa-
tion of the fundamental frequencies is done under the assump-
tion of non-resonant motion, that is, under the assumption that
none of the fundamental frequencies are in an integer ratio. A
sample of concrete values of 〈δfy/fy〉g is given in fig. 2.
To obtain observables such as coordinate-time frequencies
one also needs to compute the averages of dt/dλ and dϕ/dλ
over the spin-perturbed orbit, which read
Ξ ≡
〈
dt
dλ
〉
sp
=
〈
(r2 + a2)J (r)
∆
〉
sp
− aEso
〈
sin2 ϑ
〉
sp
+ aLso
− 〈Γ tCD s˜CD〉g ,
(13)
Υ¯ϕ ≡
〈
dϕ
dλ
〉
sp
=
〈
aJ (r)
∆
〉
sp
+
〈
Lso
sin2 ϑ
〉
sp
− aEso
− 〈Γ ϕCD s˜CD〉g ,
(14)
J (r) = Eso(r2 + a2)− aLso , (15)
Γ µCD = Γλκνe
λ
Ce
κ
Dg
µν , (16)
where 〈〉sp means averaging over the spin-perturbed orbit and
Γλκν is the Christoffel symbol. Additionally, it is possible to
substitute only r0, ϑ0 from (9) in place of r, ϑ for the Christof-
fel terms. Fortunately, for functions of either only r or only ϑ
the spin-perturbed average reduces to
〈n(y)〉sp =
(
1 +
〈
δfy
fy
〉
g
)
〈n(y0)〉g + 〈n′(y0)δy〉g
−
〈
n(y0)
δfy
fy
〉
g
,
(17)
where the functions y0, δy are given in (9). From this it is
easy to obtain average coordinate-time frequencies such as
the r, ϑ frequencies Ω¯y = Υy/Ξ, or the azimuthal frequency
Ω¯ϕ = Υ¯ϕ/Ξ. Note that at this level no knowledge of the full
spin-perturbed trajectory is required and all the observables
are obtained in terms of closed-form geodesic averages.
Discussion It is not clear what are the consequences of the so-
lution of the Hamilton-Jacobi equation for the occurence of
resonances in the spin-perturbed system, that is, the possible
non-analytical response of orbits with integer-ratio frequen-
cies to the perturbation [46]. The Hamilton-Jacobi equations
as well as its solution do not have any special behaviour near
orbits with resonant frequencies and there is no way a special
response to theO(s) perturbation might arise at that level. On
the other hand, a non-analytical response to the O(s) terms
might still occur at the level of the motion governed by (7).
It seems plausible that the existence of a full set of approxi-
mately conserved integrals of motion will suppress the reso-
nant response to the spin perturbation [48], but I leave a rigor-
ous discussion of this matter for future work.
It was shown in [49, 50] that systems of colliding particles
do not conserve their sum of Carter constants. The pole-dipole
4
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approximation of a finite body leads to the same equations
of motion for any system, be it colliding or non-colliding,
so the conservation of Kso is still consistent with this no-go
theorem. However, a pole-dipole-quadrupole approximation
necessarily contains reference to the internal, usually colli-
sional dynamics of the body through various deformability
parameters [4, 51]. Thus, I believe there will be no con-
served “total Carter constant” for general compact bodies in
the pole-dipole-quadrupole approximation (or beyond linear-
in-spin order).
The construction given in this letter is almost trivial to gen-
eralize to Carter’s general class of Kerr-NUT-(A)dS space-
times in four dimensions [52]. Likewise, it should be possible
to generalize to dimension 5 by using the tetrad found by Con-
nell et al. [53]. There are indications that Kerr-NUT-(A)dS
space-times of general dimension have a sufficient number of
integrals to separate the Hamilton-Jacobi equation in the man-
ner given above [54].
Conclusion The herein presented results provide all the
needed observables for the inclusion of conservative finite-
size effects in EMRI waveform models. Namely, a typical
two-timescale EMRI model will require the spin corrections
to the quantities Υr,Υϑ, Υ¯ϕ,Ξ, which are all provided here
through closed-form integrals.
As for the dissipative finite-size effects, it is now also clear
that one needs to compute only the average radiative dissi-
pation of s‖ to characterize the decay of the internal angular
momentum of the light compact object (the change of s is de-
ducible from the fact that there will be a conserved spin mag-
nitude with respect to the effective metric gµν + hRµν [3, 55]).
However, it is also necessary to compute the change in the
dissipative rates of the orbital constants of motion due to the
spin pertubation. This will require reconstructing the full spin
perturbation to the orbital shape, a task which can also be sim-
plified by the herein presented results.
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